
JOURNAL OF GUIDANCE, CONTROL, AND DYNAMICS

Vol. 24, No. 1, January–February 2001

H 1 Feedback for Attitude Control of Liquid-Filled Spacecraft

Jinlu Kuang¤ and A. Y. T. Leung†

University of Manchester, Manchester, England M13 9PL, United Kingdom

An H 1 , that is, Hardy in� nity, feedback controller for the attitude control problem of a liquid-� lled spacecraft is
presented. The spacecraft is modeled as a main rigid body � lled with an ideal liquid in uniform vortex motion and
three control torques and disturbances. Quaternions are used to describe the evolution of liquid-� lled spacecraft
orientation to eliminate the singularities due to Euler angle representations for the kinematics motions. The
H 1 feedback controller is formulated by solving the Hamilton–Jacobi–Issacs inequality associated with the H 1
suboptimal control problem on state manifolds according to Van der Schaft’s theory (Van der Schaft, A. J., “On a
State Space Approach to Non-Linear H 1 Control,” Systems and Control Letters, Vol. 16, No. 1, 1991, pp. 1–8 and
Van der Schaft, A. J., “L2-Gain Analysis of Non-Linear Systems and Non-Linear State Feedback H 1 Control,”
IEEE TransactionsonAutomaticControl, Vol. 37, No. 6, 1992,pp. 770–784). The orientationand angularvelocities of
the liquid-� lled spacecraft are stabilized by appropriately choosing the feedback coef� cients. The determination of
the coef� cients is given explicitly.The numerical simulationsshowthat the designed feedback laws can be effectively
applied to stabilize the attitude of liquid-� lled spacecraft with energy dissipation and external disturbances.

Introduction

T HE motion of liquid-� lled solids began to attract the attention
of scientists more than a hundred years ago. The motion is

described by a set of complicated equations consistingof nonlinear
ordinarydifferentialequationsfor the rigidbodyandpartialdifferen-
tial equationsfor the liquidscontainedin the tankssupplementedap-
propriately by initial and boundary conditions. Rumyantsev1 made
a systematic research about the motion of a rigid body whose cav-
ities are � lled with homogeneous liquids, assuming that the whole
system had an in� nite number of degrees of freedom or a � nite
number of degrees of freedom. Rumyantsev1 and Stewartson2 de-
veloped a stability criterion for a spinning top containing liquids.
Pfeiffer3 successfully studied the stability of a variety of liquid-
� lled satellite attitude dynamics using methods of residues and of
envelope assuming that the motion of contained liquids is of uni-
form vortices.Agrawal4 investigated the dynamic characteristicsof
a spinning spacecraft partially � lled with a liquid using the � nite
elementmethod. Wie5 describeda rigidbody with a spherical,dissi-
pativefuel slug.For sucha simpli� ed, semirigidspinningspacecraft,
a small change in initial conditions can lead to a change in the � nal
spin polarity for an angular velocity component. Such sensitive de-
pendenceon initial conditionsoften characterizesthe occurrenceof
chaotic dynamics. Livnel and Wie6 investigated the spinning mo-
tionof a genericsemirigidbodywith energydissipationandconstant
body-� xed torqueaboutone of its principalaxes.Their resultsbased
on extensive simulation of a general semirigid body with constant
torques about either its major, intermediate, or minor axis showed
also that the polarity of the � nal equilibriumpoint is sensitive to the
initial conditions.

It is well known that a spacecraft spinning about its minor axis
in the presence of dissipative energy will eventually be reoriented
to spin about its major axis. One practical example is the U.S.
Explorer I launched in 1958, which tumbled after only a few hours
of � ight. The dissipating energy resulting from the four � exible
antennas caused a transfer of body spin axis from the axis of min-
imum inertia to a transverse axis of maximum inertia. Nowadays
the dynamics of control of the spacecraft have become a hot is-
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sue in spacecraft engineering.7 ¡ 10 Various control algorithms have
been proposed based on either the linearizedmodel or the feedback
linearizationmodelusingoptimalcontroltechniques,10 the variable-
structure sliding techniques,11 or the standard H1 optimal control
strategies.12 For reducingtheeffectsof solar arrayoscillationson the
Hubble Space Telescope pointing jitters, Wie and Liu12 employed
H1 control design methodologies to deal with its control redesign
problem successfully with a noncollocated actuator and a sensor
pair by using a linearizationmodel for the pitch dynamics.

Instead of linearization,Dalsmo and Egeland13 and Kang14 stud-
ied a particular nonlinear H1 suboptimal control problem associ-
ated with a solution of the nonlinear Hamilton–Jacobi–Issacs in-
equalities.Dalsmo and Egeland13 obtained the global solution from
the fundamental idea of Kang,14 who obtained the local solution
of a state feedback H 1 suboptimal control problem with respect
to the rotational rigid spacecraft. Note that the H1 suboptimal
control law by solving the associated Hamilton–Jacobi–Issacs in-
equalities has the same mathematical expression as formulated by
Mortenson15 using a direct method and by Vadali11 using the equiv-
alent variable-structural control theory. The nonlinear H 1 control
problem is mathematically based on the solutions of the Hamilton–

Jacobi–Issacs inequalities, which are nonlinear partial differential
inequalities. It is very dif� cult to determine these general inequali-
ties. Van der Schaft16,17 uni� ed the results on a L2-gain analysis of
the smooth nonlinear systems and extended the relevant previous
results by using an approach based on the Hamilton–Jacobi equa-
tion and inequalitiesand their relation to the invariant manifolds of
an associated Hamiltonian vector � eld. He established a nonlinear
analogyof the simplestpart of the developedstate-spaceapproachto
the linear state feedback H1 optimal control problem. Isidori18 and
Isidori and Astol� 19 gave a solution to the problem of disturbance
attenuationvia measurement feedback with internal stability for an
af� ne nonlinearsystem.They interpretedthe conceptof disturbance
attenuationin the senseof truncatedL2 norms in the nonlinearsetup.

Because of the nonlinearities associated with the differential
equations of the attitude motions of the rotational spacecraft, the
control problem of the spacecraft is very much involved in the com-
plex dynamics of the nonlinear dynamical system. In 1994, Hall
and Rand20 researchedthe spinup nonlineardynamics of axial dual-
spin spacecraft. In 1998, Or21 investigated the chaotic motions of a
dual-spinner subject to the action of an internal oscillatory torque
and the coulomb friction between the two linked bodies by em-
ploying Melnikov’s method. Recently, Hammett et al.22 established
rigorously the connections between the controllability of the state-
dependent factorizationsand the true system controllabilityand in-
troduced a notion of nonlinear stabilizability that is a necessary
condition for the global closed-loop stability. Their theory is illus-
tratedby an applicationto a � ve-statenonlinearmodel of a dual-spin
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spacecraft.Their research introduced the attitude nonlineardynam-
ics studies of the liquid-� lled spacecraft.

In this paper, the model of a simpler liquid-� lled spacecraftwith
three control torques and external disturbance inputs is considered.
The paper is organizedas follows. A spacecraftmodel with uniform
vortex motion of a liquid in an ellipsoidal cavity is reviewed, and
the main goal of the design is presented. Some results about state
feedback H1 suboptimal control of an af� ne nonlinear system are
recalled. A state feedback H1 suboptimal control problem for the
liquid-� lled spacecraftattitude is addressed,and the main results on
how to choose the feedbackcontrol coef� cients are given. Finally, a
simple example is givento show the effectivenesswhen the designed
control laws are applied to the attitude stabilization of the liquid-
� lled spacecraft with energy dissipation and external disturbances.

Equations of Rotational Motions
of a Liquid-Filled Spacecraft

To simplify the dynamics equations of a liquid-� lled spacecraft
in this section, it is assumed that the spacecraft is completely � lled
with an ideal liquid in uniform vortex motion in an ellipsoidal cav-
ity. Let O n g f be a space-� xed system of coordinates; Oxyz be a
body-� xed system of coordinates coinciding with principal axes of
the ellipsoidal cavity; ax , ay , and az be the three semiaxis lengths
of the ellipsoid; O be the center of mass of the system; (x x , x y , x z )
be an angular velocity vector of the main body; (X x , X y , X z ) be a
Helmholtz uniform vortex vector of a liquid contained in the ellip-
soidal cavity; Ix , Iy , and Iz be the sums of moments of inertia of
the centered rigid body and Zhukovsky equivalentsolid body of the
liquid � lled in the ellipsoidal cavity; and Jx , Jy , and Jz be the dif-
ferencebetween the moments of inertia of a consolidatedliquid and
of Zhukovsky equivalent solid body of the liquid contained in the
ellipsoidal cavity (see Fig. 1). The problem of the angular motion
of the liquid-� lled spacecraft is investigated.

Based on the assumption of motion of an ideal liquid in the el-
lipsoidal cavity in uniform vortex motion, the motion of the ideal
liquid is fully determined by a � nite number of variables X x , X y ,
and X z . The Helmholtz equations with respect to the variables X x ,
X y , and X z are as follows1:

d X x

dt
= 2a2

x ( Ax y x z X y ¡ Ax z x y X z) ¡ 2X y X za
2
x

¡
a2

z ¡ a2
y

¢
Ax y Ax z

(1)
d X y

dt
= 2a2

y( Ayz x x X z ¡ Ax y x z X x ) ¡ 2X z X x a2
y

¡
a2

x ¡ a2
z

¢
A yz Ax y

(2)
d X z

dt
= 2a2

z (Axz x y X x ¡ A yz x x X y) ¡ 2X x X ya
2
z

¡
a2

y ¡ a2
x

¢
Ax z Ayz

(3)

Fig. 1 Con� guration of the liquid-� lled spacecraft.

where

A yz = 1 |
¡
a2

y + a2
z

¢
, Axz = 1 |

¡
a2

x + a2
z

¢

Ax y = 1|
¡
a2

x + a2
y

¢

From the theorem of moment of momentum of a liquid-� lled
system, the equations of motion about the � xed point O of the
liquid-� lled spacecraft can be described as

d x x

dt
=

1
Ix

£
ux + dx + ( Iy ¡ Iz) x y x z

+ 2Jx a2
x Ax y Ax z

¡
a2

z ¡ a2
y

¢
X y X z +

¡
2Jx a2

x Ax z ¡ Jz

¢
x y X z

+
¡
¡ 2Jx a2

x Ax y + Jy

¢
x z X y

¤
(4)

d x y

dt
=

1
Iy

£
u y + dy + ( Iz ¡ Ix ) x z x x

+ 2Jya
2
y Ayz Ax y

¡
a2

x ¡ a2
z

¢
X x X z +

¡
¡ 2Jya

2
y Ayz + Jz

¢
x x X z

+
¡
2Jya

2
y Ax y ¡ Jx

¢
x z X x

¤
(5)

d x z

dt
=

1
Iz

£
uz + dz + ( Ix ¡ Iy) x x x y

+ 2Jza
2
z Axz Ayz

¡
a2

y ¡ a2
x

¢
X x X y +

¡
2Jza

2
z Ayz ¡ Jy

¢
x x X y

+
¡
¡ 2Jza

2
z Ax z + Jx

¢
x y X x

¤
(6)

where ux , u y , and uz are the external torque components; dx , dy ,
and dz are the external disturbance torque components along the
body-� xed axes, respectively; and

Jx = 0.8M f a
2
ya

2
z Ayz , Jy = 0.8M f a

2
x a2

z Axz

Jz = 0.8M f a
2
x a2

y Ax y

where M f is the mass of the � lled liquid in the ellipsoidal tank.
To eliminate the singularities of the kinematics equations result-

ing from Euler angle representations, hereinafter the evolution of
liquid-� lled spacecraft orientation in terms of the quaternions b x ,
b y , b z , and b 0 is described as follows:

d b x

dt
=

1
2

( x x b 0 + x z b y ¡ x y b z) (7)

d b y

dt
=

1

2
( x y b 0 ¡ x z b x + x x b z) (8)

d b z

dt
=

1
2

( x z b 0 + x y b x ¡ x x b y) (9)

d b 0

dt
= ¡

1

2
( x x b x + x y b y + x z b z) (10)

where the relation of the quaternion components is expressed as

b 2
x + b 2

y + b 2
z + b 2

0 = 1 (11)

Under the assumptionof no external disturbances,the design cri-
terion of the attitude control is that the closed-loop system must
have exactly one equilibriumpoint, namely, when the inertia princi-
pal axes of the liquid-� lled body and the inertial coordinate system
coincide. A desired equilibrium point is assumed to be

x x = x y = x z = 0 (12)

X x = 0, X y = 0, X z = X ze (13)

b x = b y = b z = 0, b 0 = 1 (14)

where the constant X ze must satisfy the following relation:

a2
x a2

y X 2
ze = a2

y a2
z X 2

x0 + a2
x a2

z X 2
y0 + a2

x a2
y X 2

z0 (15)
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where X x0, X y0 , and X z0 are the initial values of the components
of the Helmholtz uniform vortex vector. In the control application
referred to in this paper, the plant is de� ned by its 10-dimensional
state ordinary differential equations. Equations (1–6) are for the
three components of the uniform vortex vector of the contained
liquid and the three components of the angular velocity vector of
the main body. Equations (7–10) are the adjoined four-dimensional
differentialequationsfor the quaternionssubjected to the constraint
equation(11). In the followingsectionwe will presentthe methodol-
ogy of the H1 suboptimalcontrollerdesign for the attitudeproblem
of the liquid-� lled spacecraft.

Attitude H 1 Suboptimal Control Law
of the Liquid-Filled Spacecraft

The attitude direction of the liquid-� lled spacecraft is expected
to be aligned with the inertial frame, that is, the desired equilibrium
point is described by Eqs. (12–14). In view of the attitude H 1 sub-
optimal control model of the liquid-� lled spacecraft subjected to
disturbances, the output function h is de� ned as

h = h( x x , x y , x z , X x , X y , X z , b 0)

=
p

q 1T ( x x , x y , x z , X x , X y , X z) + q 2 p2 (16)

where the constants q 1 > 0 and q 2 > 0, T = T ( x x , x y , x z , X x , X y ,
X z) is de� ned as a positive de� nite function representing the level
of the kinetic energy,

T ( x x , x y , x z , X x , X y , X z) = 1
2

£
Ix x 2

x + Iy x 2
y + Iz x

2
z + Jx X 2

x

+ Jy X 2
y + Jz( X z ¡ X ze)

2
¤

(17)

and

p = p( b 0) = 2arccos( j b 0 j ) · p

q
b 2

x + b 2
y + b 2

z (18)

where p is a kind of the geodesic metric13 measuring the distance
between the moving frame and the � xed frame.

The small value of the output function h implies that the liquid-
� lled spacecraft is rotating near the ideal attitude equilibrium equa-
tions (12–14). For the convenienceof mathematical expressionswe
de� ne

x = [x x , x y , x z , X x , X y , X z, b x , b y , b z , b 0]T (19)

g = diag
£
( Ix ) ¡ 1, ( Iy ) ¡ 1, ( Iz)

¡ 1 , 0, 0, 0, 0, 0, 0, 0
¤

(20)

D = diag
£
( Ix ) ¡ 1 , ( Iy ) ¡ 1 , ( Iz)

¡ 1 , 0, 0, 0, 0, 0, 0, 0
¤

(21)

d = [dx , dy , dz , 0, 0, 0, 0, 0, 0, 0]T (22)

f (x) = [ f X x , f X y , f X z , f x x , f x y , f x z , f b x , f b y , f b z , f b 0]T (23)

where entries of the vector f(x) de� ned from Eqs. (1–10) are as
follows:

f X x = 2a2
x ( Ax y x z X y ¡ Ax z x y X z) ¡ 2 X y X za

2
x

¡
a2

z ¡ a2
y

¢
Ax y Axz

(24)
f X y = 2a2

y( Ayz x x X z ¡ Ax y x z X x ) ¡ 2 X z X x a2
y

¡
a2

x ¡ a2
z

¢
Ayz Ax y

(25)
f X z = 2a2

z (Ax z x y X x ¡ Ayz x x X y ) ¡ 2 X x X ya
2
z

¡
a2

y ¡ a2
x

¢
Ax z A yz

(26)
f x x = (1/ Ix )

£
( Iy ¡ Iz) x y x z + 2Jx a2

x Ax y Ax z

¡
a2

z ¡ a2
y

¢
X y X z

+
¡
2Jx a2

x Ax z ¡ Jz

¢
x y X z +

¡
¡ 2Jx a2

x Ax y + Jy

¢
x z X y

¤
(27)

f x y = (1/ Iy )
£
( Iz ¡ Ix ) x z x x + 2Jya

2
y Ayz Ax y

¡
a2

x ¡ a2
z

¢
X x X z

+
¡
¡ 2Jya

2
y Ayz + Jz

¢
x x X z +

¡
2Jya

2
y Ax y ¡ Jx

¢
x z X x

¤
(28)

f x z = (1/ Iz)
£
(Ix ¡ Iy ) x x x y + 2Jza

2
z Ax z Ayz

¡
a2

y ¡ a2
x

¢
X x X y

+
¡
2Jza

2
z Ayz ¡ Jy

¢
x x X y +

¡
¡ 2Jza

2
z Ax z + Jx

¢
x y X x

¤
(29)

f b x = 1
2 ( x x b 0 + x z b y ¡ x y b z) (30)

f b y = 1
2
( x y b 0 ¡ x z b x + x x b z) (31)

f b z = 1
2 ( x z b 0 + x y b x ¡ x x b y ) (32)

f b 0 = ¡ 1
2
( x x b x + x y b y + x z b z) (33)

With these de� nitions, the dynamical equations (1–10) of the
liquid-� lled spacecraft may be expressed as follows:

dx
dt

= f(x) + gu + Dd (34)

where u is the control vector de� ned as

u = [ux , u y , uz , 0, 0, 0, 0, 0, 0, 0]T (35)

According to the theorem established by Van der Schaft,16,17

let constant c > 0 and suppose that there exists a smooth solution
V (x) ¸ 0 to the Hamiltonian–Jacobi–Issacs inequality:

H

³
x,

@V

@x

´
=

@V

@x
f (x) +

1

2
h2 +

1

2

@V

@x

³
1
c 2

DDT ¡ ggT

´³
@V

@x

T́

·0 (36)

then the closed-loop system for the feedback

u = ¡ gT

³
@V

@x

T́

(37)

has the L2 gain less than or equal to c from the disturbances d to
the block vector of the outputs h and the inputs u.

For arbitrary initial conditionsx(0) the following useful inequal-
ity may be obtained:

Z R

0

( k h k 2 + k uk 2) dt · c 2

Z R

0

k d k 2 dt + 2V [x(0)] (38)

for all R ¸ 0.
From inequality (38) the generalized gain, that is, the L2

gain, from disturbances to liquid-� lled spacecraft’s energy, attitude
quaternions, and control torques may be expressed as

R R

0
( k h k 2 + k uk 2) dt ¡ 2V [x(0)]

R R

0
k dk 2 dt

· c 2 (39)

To solve the Hamilton–Jacobi–Issacs inequality (36), the follow-
ing form of the solution V (x) is suggested:

V (x) = V ( x x , x y , x z , X x , X y , X z , b x , b y , b z , b 0)

=
1

2
a
£
Ix x 2

x + Iy x
2
y + Iz x

2
z + Jx X 2

x + Jy X
2
y

+ Jz( X z ¡ X ze)
2
¤

+ c
£
b 2

x + b 2
y + b 2

z + ( b 0 ¡ 1)2
¤

+ b
¡
Ix x x b x + Iy x y b y + Iz x z b z

¢

+ b
£
Jx X x b x + Jy X y b y + Jz( X z ¡ X ze) b z

¤

¸
1
2

[!T ¯T ]

³
aI bI
bI cE

³́
!

¯

´
+

1
2

[X T ¯T ]

³
aJ bJ
bJ cE

³́
X

¯

´

(40)

where a, b, and c are nonnegative constants and the following no-
tations are designated:

E = diag(1, 1, 1), I = diag( Ix , Iy , Iz) (41)

J = diag( Jx , Jy , Jz), ! = ( x x , x y , x z)
T (42)

X = [X x , X y , ( X z ¡ X ze)]T , ¯ = ( b x , b y , b z)
T (43)
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By the use of the standardmatrixanalysis,the followingsuf� cient
conditions for V (x) being positive are given as

a > 0, c > 0, acE > b2I, acE > b2J (44)

By the use of straightforwardcalculations, the following expres-
sions may be derived:

(1/ c 2)DDT ¡ ggT

= (1/ c 2 ¡ 1)diag
£
1/ I 2

x , 1/ I 2
y , 1/ I 2

z , 0, 0, 0, 0, 0, 0, 0
¤

(45)

@V

@x
=

³
@V

@x x
,

@V

@x y
,

@V

@x z
,

@V

@X x
,

@V

@X y
,

@V

@X z
,

@V

@b x
,

@V

@b y
,

@V

@b z
,

@V

@b 0

´

(46)

@V

@x x
= Ix (a x x + bb x ) (47)

@V

@x y
= Iy(a x y + bb y ) (48)

@V

@x z
= Iz(a x z + bb z) (49)

@V

@X x
= Jx (a X x + bb x ) (50)

@V

@X y
= Jy (a X y + bb y ) (51)

@V

@X z
= Jz[a( X z ¡ X ze) + bb z] (52)

@V

@b x
= bIx x x + bJx X x (53)

@V

@b y
= bIy x y + bJy X y (54)

@V

@b z
= bIz x z + bJz( X z ¡ X ze) (55)

@V

@b 0
= ¡ 2c (56)

Therefore,

H

³
x ,

@V

@x

´
=

@V

@x x
f x x +

@V

@x y
f x y +

@V

@x z
f x z +

@V

@X x
f X x

+
@V

@X y

f X y +
@V

@X z

f X z +
@V

@b x

f b x +
@V

@b y

f b y +
@V

@b z

f b z

+
@V

@b 0
f b 0 +

1

2

³
1
c 2

¡ 1

´"

(Ix ) ¡ 2

³
@V

@x x

2́

+ ( Iy ) ¡ 2

³
@V

@x y

2́

+ (Iz)
¡ 2

³
@V

@x z

2́
#

+
1

2
h2 (57)

Also for the sake of simplicity, the following notationsare desig-
nated:

S(¯) =

2

4
0 ¡ b z b y

b z 0 ¡ b x

¡ b y b x 0

3

5 , S(!) =

2

4
0 ¡ x z x y

x z 0 ¡ x x

¡ x y x x 0

3

5

(58)

k ! k 2 = x 2
x + x 2

y + x 2
z , k X k 2 = X 2

x + X 2
y + ( X z ¡ X ze)

2

(59)

Through some calculations from Eqs. (45–56), one has
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@x x
f x x +
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@x y
f x y +

@V

@x z
f x z +

@V

@X x
f X x +

@V

@X y
f X y +

@V

@X z
f X z

= bb x[ x y x z( Iy ¡ Iz) + Jy x z X y ¡ Jz x y X z]

+ bb y[ x x x z( Iz ¡ Ix ) + Jz x x X z ¡ Jx x z X x ]
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¡ 2aa2
z Jz X ze

£
Ax z X x x y ¡ Ayz x x X y ¡

¡
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y ¡ a2
x

¢
Axz Ayz X x X y

¤

= ¡ b¯T S(!)(I! + J X ) ¡ bJz X ze( b x x y ¡ b y x x )

¡ 2aa2
z Jz X ze
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(60)
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=
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+
1
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+
1

2
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+ c( x x b x + x y b y + x z b z)

=
1
2

b(!T I + X T J)[b 0E + S(¯)]! + c¯T ! (61)
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1
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³
@V
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2́

+ ( Iy ) ¡ 2

³
@V

@x y

2́

+ (Iz)
¡ 2

³
@V
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=
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2

³
1
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2
¤

=
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2

³
1
c 2

¡ 1

´³
a2 k ! k 2 + ab¯T ! +

1

2
k b k 2

´
(62)

Therefore, by substitution of Eqs. (60–62) into Eq. (57), the fol-
lowing formula of the function H[x, @V / @x] may be obtained:

H

³
x,

@V

@x

´
=

1

2
[b!T I + bX T J][ b 0E + S(¯)]!

¡ b¯T S(!)(I! + JX ) +
1

2
a2

³
1
c 2

¡ 1

´
k ! k 2

+
1

2
b2

³
1
c 2

¡ 1

´
k ¯ k 2 + c¯T ! + ab

³
1
c 2

¡ 1

´
¯T ! +

1

2
h2

¡ bJz X ze b x x y + bJz X ze b y x x ¡ 2a Jz X zea
2
z ( Ax z x y X x

¡ Ayz x x X y) + 2a Jz X zea
2
z

¡
a2

y ¡ a2
x

¢
Ax z Ayz X x X y (63)

If the coef� cient c is chosen to be

c = ab(1 ¡ 1/ c 2) (64)

then the inner product terms ¯T ! are eliminated. In addition,

k S(!) k 1 = k ! k , k ¯ k = 1, k b 0E + S(¯) k 1 = 1 (65)
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Equation (65) may bedirectlyobtainedaccordingto thede� nition
of H 1 norm. By the use of the Cauchy–Schwartz inequality, the
following inequalities can be easily derived:

j ¯T S(!)I! j · k I k 1 k ! k 2 (66)

j ¯T S(!)JX j · 1
2 k Jk 1 (k ! k 2 + k X k 2) (67)

j !T I[b 0E + S(¯)]! j · k Ik 1 k ! k 2 (68)

j X T J[b 0E + S(¯)]! j · 1
2 k J k 1 ( k ! k 2 + k X k 2) (69)

j b x x y j · 1
2
( k ¯ k 2 + k ! k 2), j b y x x j · 1

2
( k k̄ 2 + k ! k 2) (70)

j X x x y j · 1
2 ( k X k 2 + k ! k 2), j X y x x j · 1

2 ( k X k 2 + k ! k 2)
(71)

j X x X y j · k X k 2 (72)

Based on inequality(18), the followinginequalitycan be derived:

h2 = q 1T + q 2 p2 · 1
2
q 1

¡
k I k 1 k ! k 2 + k J k 1 k X k 2

¢
+ q 2 p 2 k ¯ k 2

(73)

If one substitutes inequalities (66–73) into the function H (x,
@V / @x) de� ned in Eq. (63), the following inequality may be for-
mulated:

H

³
x,

@V

@x

´
· d b k ¯ k 2 + d x k ! k 2 + d X k X k 2 (74)

where

d b = ¡ 1
2
b2(1 ¡ 1/ c 2) + 1

2
p 2 q 2 + bJz X ze (75)

d x = ¡ 1
2
a2(1 ¡ 1/ c 2) + 3

2
bk Ik 1 + 1

4
q 1 k I k 1

+ (3b/ 4) k J k 1 + aJz X zea
2
z (Axz + Ayz ) + bJz X ze (76)

d X = 1
4
q 1 k Jk 1 + (3b/ 4) k Jk 1 + a Jz X zea2

z

£
Axz + Ayz

+ 2 |
|
¡
a2

y ¡ a2
x

¢|
| Axz Ayz

¤
+ bJz X ze (77)

Now the Hamilton–Jacobi–Issacs inequality (74) will be studied
in detail. From Helmholtz’s equations (1–3) with respect to the
variables X x , X y , and X z , the following constant can be derived
easily:

a2
y a2

z X 2
x + a2

x a2
z X 2

y + a2
x a2

y X 2
z = const (78)

Therefore, it is concluded that the norm k X k =
p

[X 2
x + X 2

y +
( X z ¡ X ze)2] is a � nite function of time t during the itinerary of
the spacecraft attitude. If one chooses the constants a and b appro-
priately, one can prove that the Hamilton–Jacobi–Issacs inequality
(74) will hold. The determination of the constants a and b is given
next.

Since k b k ·1 and k X k = const < + 1 , to make the Hamilton–

Jacobi–Issacs inequality (74) hold, one sets

d x = 0 (79)

d b + d X k X k 2 = 0 (80)

Therefore, from these two equations, the equations with respect
to a and b can be derived easily as follows:

f a2 + f1a + f2b + f3 = 0 (81)

f b2 + g1b + g2a + g3 = 0 (82)

or

f 3a4 +
¡
2 f 2 f1

¢
a3 +

£
f
¡

f 2
1 + 2 f f3 ¡ f2g1

¢¤
a2

+ [2 f f1 f3 + f2( ¡ f1g1 + f2g2)]a

+
£

f f 2
3 + f2( ¡ f3g1 + f2g3)

¤
= 0 (83)

f 3b4 +
¡
2 f 2g1

¢
b3 +

£
f
¡
g2

1 + 2 f g3 ¡ g2 f1

¢¤
b2

+ [2 f g1g3 + g2( ¡ f1g1 + f2g2)]b

+
£

f g2
3 + g2( ¡ g3 f1 + g2 f3)

¤
= 0 (84)

where

f = (1 ¡ c 2)/ 2 c 2 (85)

f1 = Jz X zea
2
z ( Ax z + Ayz ) (86)

f2 = 3
2 k Ik 1 + 3

4 k J k 1 + Jz X ze (87)

f3 = 1
4
q 1 k Ik 1 (88)

g1 = Jz X ze k X k 2 + 3
4
k Jk 1 k X k 2 + Jz X ze (89)

g2 = Jz X zea
2
z

¡
Ax z + Ayz + 2 |

|a
2
y ¡ a2

x
|
| Ax z A yz

¢
k X k 2 (90)

g3 = 1
4
q 1 k J k 1 k X k 2 + 1

2
p 2 q 2 (91)

Polynomial equations (83) and (84) with respect to a and b to-
gether with inequality (44) could be used to solve a and b.

Accordingly,from Eq. (37) the state feedbacku can be calculated
as follows:

u = ¡ gT

³
@V

@x

T́

= ¡
³

1
Ix

@V

@x x
,

1
Iy

@V

@x y
,

1
Iz

@V

@x z
, 0, 0, 0, 0, 0, 0, 0

T́

= ¡ [(a x x + bb x ), (a x y + bb y), (a x z + bb z),

0, 0, 0, 0, 0, 0, 0]T (92)

Because the desired equilibriumstate in Eqs. (12–14) is assumed
to be zero state, the system dx/ dt = f(x) having x and f (x) de� ned
in Eqs. (19) and (23) with the block outputs [h, u]T is zero-state ob-
servablein theneighbourhoodof thezerostate.Therefore,according
to the corollary established by Van der Schaft,16,17 the closed-loop
liquid-� lled spacecraft dynamical system dx/ dt = f (x) + gu + Dd
is asymptotically stable when the external disturbance d is equal to
zero vector.

The controllawux =a x x + bb x ,u y =a x y + bb y , uz =a x z + bb z

was proposed directly by Mortensen,15 who proved the globally
asymptotically stability of the closed-loop system in the case
of a rigid spacecraft without external disturbances. Dalsmo and
Egeland13 and Kang14 derived the control law of the same form
as that earlier mentioned using the H1 suboptimal control theory
in the case of the rigid spacecraft. Vadali11 and Sira-Ramirez and
Siguerdidjane23 studied the nonlinear stability of the closed-loop
system in the case of the rigid spacecraft. Another method is given
here to prove the asymptotically stability of the attitude motion of
the liquid-� lled spacecraftunder the linear feedbackcontrol torques
in Eq. (92) without external disturbances. The closed-loop dynam-
ical system consists of ordinary differential equations (1–10) in the
case of dx = dy =dz =0. The possible Lyapunov function can be
constructed as

L(x) = L( x x , x y , x z , X x , X y , X z , b x , b y , b z , b 0)

= 1
2

£
Ix x 2

x + Iy x
2
y + Iz x

2
z + Jx X 2

x + Jy X 2
y + Jz X

2
z

¤

+ b
£
b 2

x + b 2
y + b 2

z + ( b 0 ¡ 1)2
¤

(93)
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The total time derivative dL /dt can be computed by the chain
rule:

dL

dt
=

³
Ix x x

dx x

dt

´
+

³
Iy x y

dx y

dt

´
+

³
Iz x z

d x z

dt

´

+

³
Jx X x

d X x

dt

´
+

³
Jy X y

dX y

dt

´
+

³
Jz X z

dX z

dt

´
¡ 2b

db 0

dt
(94)

If one substitutesEqs. (1–6) and (10) into Eq. (94), then the time
derivative of L(x) can be changed into the following form:

dL

dt
= ¡ a

¡
x 2

x + x 2
y + x 2

z

¢
(95)

Consequently, dL / dt ·0 holds for all t . It is not too dif� cult
to prove that dL / dt = 0 holds if and only if Eqs. (12–14) hold.
According to Lyapunov’s stability theory, the closed-loop system
approaches asymptotically the desired equilibrium point starting
from any initial conditions in the case of no external disturbances.

Simulation Results
A practical model of the liquid-� lled spacecraft will be mod-

eled as a rigid body with a spheroid slug of inertia matrix
diag(J f x , J f y , J f z ). The slug is centered about the center of mass of
the entire spacecraft and is surroundedby a viscous layer of viscos-
ity l to include the impact of the viscosity on the rotational motion
of a liquid-� lled spacecraft subject to three body-� xed torques and
external disturbances.The rotational equations of motion of such a
simple semirigid spacecraft are given as follows:

d X x

dt
= 2a2

x ( Ax y x z X y ¡ Ax z x y X z)

¡ 2 X y X za
2
x

¡
a2

z ¡ a2
y

¢
Ax y Axz +

l

J f x
( x x ¡ X x ) (96)

d X y

dt
= 2a2

y( Ayz x x X z ¡ Ax y x z X x )

¡ 2 X z X x a2
y

¡
a2

x ¡ a2
z

¢
Ayz Ax y +

l

J f y
( x y ¡ X y) (97)

d X z

dt
= 2a2

z (Axz x y X x ¡ A yz x x X y)

¡ 2 X x X ya
2
z

¡
a2

y ¡ a2
x

¢
Ax z A yz +

l

J f z
( x z ¡ X z) (98)

d x x

dt
=

1
Ix

£
ux + dx + ( Iy ¡ Iz) x y x z

+ 2Jx a2
x Ax y Axz

¡
a2

z ¡ a2
y

¢
X y X z +

¡
2Jx a2

x Ax z ¡ Jz

¢
x y X z

+
¡
¡ 2Jx a2

x Ax y + Jy

¢
x z X y ¡ l ( x x ¡ X x )

¤
(99)

d x y

dt
=

1
Iy

£
u y + dy + ( Iz ¡ Ix ) x z x x

+ 2Jya
2
y Ayz Ax y

¡
a2

x ¡ a2
z

¢
X x X z +

¡
¡ 2Jya

2
y Ayz + Jz

¢
x x X z

+
¡
2Jya

2
y Ax y ¡ Jx

¢
x z X x ¡ l ( x y ¡ X y)

¤
(100)

d x z

dt
=

1
Iz

£
uz + dz + (Ix ¡ Iy) x x x y

+ 2Jza
2
z Axz Ayz

¡
a2

y ¡ a2
x

¢
X x X y +

¡
2Jza

2
z Ayz ¡ Jy

¢
x x X y

+
¡
¡ 2Jza

2
z Axz + Jx

¢
x y X x ¡ l ( x z ¡ X z)

¤
(101)

where ux =a x x + bb x , u y =a x y + bb y , and uz =a x z + bb z and the
coef� cients a and b are de� ned according to the polynomial equa-
tions (83) and (84) together with inequality (44).

For a viscousproblemwithout externaldisturbances,the quantity
X ze will be expected to be 0. Construct the Lyapunov function as
Eq. (93). Consider the disturbed motions of the ordinary equations

(7–10) and (96–101), then the total time derivative dL / dt can be
computed by the chain rule:

dL

dt
= ¡

³
( l + a) x 2

x ¡ l

³
1 +

Jx

J f x

´
x x X x + l

Jx

J f x
X 2

x

´

¡
³

( l + a) x 2
y ¡ l

³
1 +

Jy

J f y

´
x y X y + l

Jy

J f y
X 2

y

´

¡
³

( l + a) x 2
z ¡ l

³
1 +

Jz

J f z

´
x z X z + l

Jz

J f z
X 2

z

´
(102)

The suf� cient conditionsfor the total time derivativedL / dt to be
negativeis that the followingthree inequalitieshold simultaneously:

4a( Jx / J f x ) ¡ l (1 ¡ Jx / J f x )2 > 0 (103)

4a( Jy / J f y) ¡ l (1 ¡ Jy / J f y)
2 > 0 (104)

4a(Jz / J f z) ¡ l (1 ¡ Jz / J f z)
2 > 0 (105)

To test the performance of a liquid-� lled spacecraft under the
feedback designed in this paper, numerical simulations were per-
formed with the following data.

The inertia matrix (kilogram square meter) is

I = diag(Ix , Iy , Iz) = diag(150, 150, 180) (106)

The three semiaxis lengths (meter) of the ellipsoidal tank are

ax = 0.4, ay = 0.5, az = 0.6 (107)

The density (kilogram per cubic meter) of the � lled liquid fuel is

q = 1447 (108)

The external disturbance torques (newton meter) are assumed as
follows:

dx = 0.01 + 0.01 sin(2p 0.12t ) + 0.05 sin(2 p 0.66t) (109)

dy = 0.01 + 0.01 sin(2p 0.12t ) + 0.05 sin(2 p 0.66t ) (110)

dz = 0.01 + 0.02 sin(2 p 0.12t ) + 0.05 sin(2 p 0.66t ) (111)

The viscosity l between the rigid-bodytank wall and the spheroid
slug is assumed to be l =15 N¢ m¢ s. The constant c is selected as
c =3. A simulation experiment demonstrates that the variationsof
the weighting numbers q 1 and q 2 can change the magnitudes of the
control torques. Here q 1 =1 and q 2 =10 are chosen. The feedback
controlcoef� cientsa and b can be obtainedfrom the solutionsof the
polynomialequations (83) and (84). Therefore,a =115.88 N¢ m¢ s

Fig. 2 Evolutionof the angularvelocities of the liquid-� lled spacecraft:
¢ ¢ ¢ ¢ ¢ ; !x; ——, !y ; and – – – , !z .
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and b = 15.986 N¢ m. A fourth-order Runge–Kutta integration al-
gorithmby MATLAB¨ was used to simulate the dynamics from the
nonlinear ordinary equations (96–101) and (7–10).

Figure 2 shows the evolution of the angular velocities of the
liquid-� lled spacecraft. Figure 3 shows the evolution of the vor-
tices of the liquid � lled in the ellipsoidal tank. Figure 4 shows the
evolution of the quaternions. Figure 5 shows the control torques
commanded during the control period. Figures 6–8 show the mag-

Fig. 3 Evolutionof the vortices of the contained liquid fuel slug: ¢ ¢ ¢ ¢ ¢ ;
X x; ——, X y; and – – – , X z .

Fig. 4 Evolution of the quaternions: ¢ ¢ ¢ ¢ ¢ ; ¯x; ——, ¯y; and – – – , ¯z .

Fig. 5 Control torques commanded during the control period: ¢ ¢ ¢ ¢
¢ ; ux; ——, uy; and – – – , uz .

Fig. 6 Steady magnitude of commanded control torques ux.

Fig. 7 Steady magnitude of commanded control torques uy.

Fig. 8 Steady magnitude of commanded control torques uz .

nitudes of the commanded control torques from t =105 to 200 s.
Figure9 shows themagnitudesof theangularvelocitiesfrom t =105
to 200 s. Figure 10 shows the magnitudes of the quaternions from
t = 105 to 200 s. The simulation results show that, under the ac-
tion of the designed torques and disturbances, the damping torques
do not change the attitude quaternions and the angular velocities
much. From the evolutionof the angular velocitiesand quaternions,
it is evident that the proposed controller of the liquid-� lled space-
craft without external disturbances can be stabilised to the desired
equilibrium. The simulations also show that inequality (38) holds
during the itinerary of the control of attitude of the liquid-� lled
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Fig. 9 Steady magnitude of angular velocities: ¢ ¢ ¢ ¢ ¢ ; !x; ——, !y;
and – – – , !z .

Fig. 10 Steady magnitude of quaternions: ¢ ¢ ¢ ¢ ¢ ; ¯x; ——, ¯y; and
– – –, ¯z.

spacecraft and that after the transient time the maximum values of
the control torques are around the maximum values of the distur-
bances.

Conclusions
The attitude feedback law for the liquid-� lled spacecrafthas been

designed by using the theory of nonlinear Hardy-in� nity optimal
control theory. It is proved theoreticallythat the attitudequaternions
andangularvelocitiesof the liquid-� lledspacecraftcanbe stabilized
from an arbitrary initial deviating state to the desired equilibrium
point.The algorithmsfor computingfeedbackcoef� cients are given
analytically.Any numbergreaterthanonecan bound thegeneralized
gain from disturbances to liquid-� lled spacecraft’s energy, attitude
quaternions, and control torques. Under the action of combined
designedcontrol and damping torques, the vorticesof a liquid in the
ellipsoidal tank are attenuated as expected. The simulation results

also show that a small change of viscositydoes not change much the
responseof the attitudequaternionsand the angularvelocities.After
the transient response, the maximum values of the control torques
are around the maximum values of the disturbances.
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