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H,, Feedback for Attitude Control of Liquid-Filled Spacecraft

Jinlu Kuang*and A. Y. T. Leung’
University of Manchester, Manchester, England M 13 9PL, United Kingdom

An H , that is, Hardy infinity, feedback controller for the attitude control problem of a liquid-filled spacecraft is
presented. The spacecraft is modeled as a main rigid body filled with an ideal liquid in uniform vortex motion and
three control torques and disturbances. Quaternions are used to describe the evolution of liquid-filled spacecraft
orientation to eliminate the singularities due to Euler angle representations for the kinematics motions. The
Hy feedback controller is formulated by solving the Hamilton-Jacobi-Issacs inequality associated with the Heo
suboptimal control problem on state manifolds according to Van der Schaft’s theory (Van der Schaft, A. J., “On a
State Space Approach to Non-Linear H,, Control,” Systems and Control Letters, Vol. 16, No. 1, 1991, pp. 1-8 and
Van der Schaft, A. J., “L,-Gain Analysis of Non-Linear Systems and Non-Linear State Feedback H. Control,”
IEEE Transactions on Automatic Control, Vol.37,No. 6,1992,pp. 770-784). The orientation and angular velocities of
the liquid-filled spacecraft are stabilized by appropriately choosing the feedback coefficients. The determination of
the coefficients is given explicitly. The numerical simulationsshow that the designed feedback laws can be effectively
applied to stabilize the attitude of liquid-filled spacecraft with energy dissipation and external disturbances.

Introduction

HE motion of liquid-filled solids began to attract the attention

of scientists more than a hundred years ago. The motion is
described by a set of complicated equations consisting of nonlinear
ordinarydifferentialequationsfor therigidbody and partial differen-
tial equationsfor the liquidscontainedin the tanks supplementedap-
propriately by initial and boundary conditions. Rumyantsev! made
a systematic research about the motion of a rigid body whose cav-
ities are filled with homogeneous liquids, assuming that the whole
system had an infinite number of degrees of freedom or a finite
number of degrees of freedom. Rumyantsev! and Stewartson® de-
veloped a stability criterion for a spinning top containing liquids.
Pfeiffer® successfully studied the stability of a variety of liquid-
filled satellite attitude dynamics using methods of residues and of
envelope assuming that the motion of contained liquids is of uni-
form vortices. Agrawal* investigated the dynamic characteristicsof
a spinning spacecraft partially filled with a liquid using the finite
element method. Wie® described a rigid body with a spherical, dissi-
pativefuelslug. For suchasimplified, semirigid spinning spacecraft,
a small change in initial conditions can lead to a change in the final
spin polarity for an angular velocity component. Such sensitive de-
pendenceon initial conditions often characterizesthe occurrence of
chaotic dynamics. Livnel and Wie® investigated the spinning mo-
tionofa genericsemirigid body with energy dissipationand constant
body-fixed torque aboutone of its principalaxes. Theirresults based
on extensive simulation of a general semirigid body with constant
torques about either its major, intermediate, or minor axis showed
also that the polarity of the final equilibriumpointis sensitive to the
initial conditions.

It is well known that a spacecraft spinning about its minor axis
in the presence of dissipative energy will eventually be reoriented
to spin about its major axis. One practical example is the U.S.
Explorer I launched in 1958, which tumbled after only a few hours
of flight. The dissipating energy resulting from the four flexible
antennas caused a transfer of body spin axis from the axis of min-
imum inertia to a transverse axis of maximum inertia. Nowadays
the dynamics of control of the spacecraft have become a hot is-
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sue in spacecraft engineering’ ' Various control algorithms have
been proposed based on either the linearized model or the feedback
linearizationmodel using optimal control techniques,” the variable-
structure sliding techniques,'' or the standard H,, optimal control
strategies.'” For reducing the effectsof solar array oscillationson the
Hubble Space Telescope pointing jitters, Wie and Liu'? employed
H,, control design methodologies to deal with its control redesign
problem successfully with a noncollocated actuator and a sensor
pair by using a linearization model for the pitch dynamics.

Instead of linearization, Dalsmo and Egeland'® and Kang'* stud-
ied a particular nonlinear H, suboptimal control problem associ-
ated with a solution of the nonlinear Hamilton-Jacobi-Issacs in-
equalities. Dalsmo and Egeland'? obtained the global solution from
the fundamental idea of Kang,'* who obtained the local solution
of a state feedback H, suboptimal control problem with respect
to the rotational rigid spacecraft. Note that the H, suboptimal
control law by solving the associated Hamilton-Jacobi-Issacs in-
equalities has the same mathematical expression as formulated by
Mortenson'” using a direct method and by Vadali'' using the equiv-
alent variable-structural control theory. The nonlinear H,, control
problem is mathematically based on the solutions of the Hamilton-
Jacobi-Issacs inequalities, which are nonlinear partial differential
inequalities. It is very difficult to determine these general inequali-
ties. Van der Schaft'®!” unified the results on a L,-gain analysis of
the smooth nonlinear systems and extended the relevant previous
results by using an approach based on the Hamilton-Jacobi equa-
tion and inequalities and their relation to the invariant manifolds of
an associated Hamiltonian vector field. He established a nonlinear
analogy of the simplest part of the developed state-spaceapproachto
the linear state feedback H,, optimal control problem. Isidori'® and
Isidori and Astolfi'® gave a solution to the problem of disturbance
attenuation via measurement feedback with internal stability for an
affine nonlinearsystem. They interpreted the conceptof disturbance
attenuationin the sense of truncated L, normsin the nonlinearsetup.

Because of the nonlinearities associated with the differential
equations of the attitude motions of the rotational spacecraft, the
control problem of the spacecraftis very much involved in the com-
plex dynamics of the nonlinear dynamical system. In 1994, Hall
and Rand?® researched the spinup nonlineardynamics of axial dual-
spin spacecraft.In 1998, Or?! investigated the chaotic motions of a
dual-spinner subject to the action of an internal oscillatory torque
and the coulomb friction between the two linked bodies by em-
ploying Melnikov’s method. Recently, Hammett et al.>? established
rigorously the connections between the controllability of the state-
dependent factorizationsand the true system controllability and in-
troduced a notion of nonlinear stabilizability that is a necessary
condition for the global closed-loop stability. Their theory is illus-
trated by an applicationto a five-statenonlinearmodel of a dual-spin
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spacecraft. Their research introduced the attitude nonlinear dynam-
ics studies of the liquid-filled spacecraft.

In this paper, the model of a simpler liquid-filled spacecraft with
three control torques and external disturbance inputs is considered.
The paperis organized as follows. A spacecraftmodel with uniform
vortex motion of a liquid in an ellipsoidal cavity is reviewed, and
the main goal of the design is presented. Some results about state
feedback H, suboptimal control of an affine nonlinear system are
recalled. A state feedback H,, suboptimal control problem for the
liquid-filled spacecraftattitude is addressed,and the main results on
how to choose the feedback control coefficients are given. Finally, a
simple exampleis givento show the effectivenesswhen the designed
control laws are applied to the attitude stabilization of the liquid-
filled spacecraft with energy dissipation and external disturbances.

Equations of Rotational Motions
of a Liquid-Filled Spacecraft

To simplify the dynamics equations of a liquid-filled spacecraft
in this section, it is assumed that the spacecraftis completely filled
with an ideal liquid in uniform vortex motion in an ellipsoidal cav-
ity. Let O&ng be a space-fixed system of coordinates; Oxyz be a
body-fixed system of coordinates coinciding with principal axes of
the ellipsoidal cavity; ay, a,, and a, be the three semiaxis lengths
of the ellipsoid; O be the center of mass of the system; (o, , ©,, ®,)
be an angular velocity vector of the main body; (€2,, Q,, 2,) be a
Helmholtz uniform vortex vector of a liquid contained in the ellip-
soidal cavity; I, I,, and I, be the sums of moments of inertia of
the centeredrigid body and Zhukovsky equivalentsolid body of the
liquid filled in the ellipsoidal cavity; and J,, J,, and J; be the dif-
ference between the moments of inertia of a consolidatedliquid and
of Zhukovsky equivalent solid body of the liquid contained in the
ellipsoidal cavity (see Fig. 1). The problem of the angular motion
of the liquid-filled spacecraftis investigated.

Based on the assumption of motion of an ideal liquid in the el-
lipsoidal cavity in uniform vortex motion, the motion of the ideal
liquid is fully determined by a finite number of variables Q,, Q,,
and €2,. The Helmholtz equations with respect to the variables €2,,
Q,, and €, are as follows':

dQ,
= = 202(A, 0.0, - A 0,Q) - 20,Q.a2(a? - a?) A, A,,
(1)
dQ,
d—t’ =2a%(A,.0,Q, — A,0,Q,) - 20.0.d(a? —a?)A, A,
(2)
do,
- = 2a2(A,,0,Q, — A, 0,Q)) = 20Q,0,a%(a’ - a?)A, A,
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Fig.1 Configuration of the liquid-filled spacecraft.

where

Ay =11 (a2 +a?), Ay =1l (a2 +a?)
Ay =1l (a} +a})

From the theorem of moment of momentum of a liquid-filled
system, the equations of motion about the fixed point O of the
liquid-filled spacecraftcan be described as
do,

1
dr = [_[ux + dx + (I» - Iz)Ct)ny)z

+2J.a2A,A, (a2 - a?)Q,Q, + (21,424, - ].)0,Q

z y=ez
+(-2J.a%A,, + J,)0.Q,] 4)

do, 1
= = Z[uy +dy + (I = L)oo,

+2J,a2A, A, (a —a?)Q.Q, + (-2J,a2A,, + J.)0,Q,

+ (z‘lyaf'Axy - Jx)COZQx] ®
do. 1
% - T[uz + dz + (Ix - I‘V)Coxwy

Z

'y

+2J.a2A A, (a2 - a)Q.Q, + (21.a2A,, - ],)0,Q

+(-20.a2A,, + J,)0,Q,] )

where u,, u,, and u, are the external torque components; d,, d,,
and d, are the external disturbance torque components along the
body-fixed axes, respectively; and

J, =0.8MajazA,., J, =0.8M;a’a’A,,

J. =0.8MyaalA,,

where M is the mass of the filled liquid in the ellipsoidal tank.

To eliminate the singularities of the kinematics equations result-
ing from Euler angle representations, hereinafter the evolution of
liquid-filled spacecraft orientation in terms of the quaternions f,,
By, B, and B is described as follows:

Lo = (opy + @b, -0, ™
Lo = Loy = op + 0.f) ®)
L = Zoby + o, - 0.f) ©)
%?=—%@m+@&+wﬁa (10)

where the relation of the quaternion components is expressed as
B+ B+ B+ By =1 (1

Under the assumption of no external disturbances, the design cri-
terion of the attitude control is that the closed-loop system must
have exactly one equilibrium point, namely, when the inertia princi-
pal axes of the liquid-filled body and the inertial coordinate system
coincide. A desired equilibrium point is assumed to be

o, =0, =0, =0 (12)
Q. =0, Qy =0, Q. =Q, (13)
ﬂx zﬂy zﬂz =Ov ﬂO =1 (14)

where the constant £2,, must satisfy the following relation:

2.2 — 52,2 2.2 2.2
axay!ge - ayaz!%zto + axaz!2}2'0 + axay!go (15)
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where ., 0,9, and €2, are the initial values of the components
of the Helmholtz uniform vortex vector. In the control application
referred to in this paper, the plant is defined by its 10-dimensional
state ordinary differential equations. Equations (1-6) are for the
three components of the uniform vortex vector of the contained
liquid and the three components of the angular velocity vector of
the main body. Equations (7-10) are the adjoined four-dimensional
differential equations for the quaternions subjected to the constraint
equation(11). In the following section we will presentthe methodol-
ogy of the H,, suboptimal controllerdesign for the attitude problem
of the liquid-filled spacecraft.

Attitude H., Suboptimal Control Law
of the Liquid-Filled Spacecraft
The attitude direction of the liquid-filled spacecraft is expected
to be aligned with the inertial frame, that is, the desired equilibrium
point is described by Eqs. (12-14). In view of the attitude H,, sub-
optimal control model of the liquid-filled spacecraft subjected to
disturbances, the output function % is defined as

h = h(COx, w,, O, st st st ﬁO)

= plT @Oy, w'swzsgxsgx'sgz)-Fprz (16)
pl )

where the constants py >0 and p, > 0, T =T (@, oy, @, ,, Q2,,
€,) is defined as a positive definite function representing the level
of the kinetic energy,

T(o., @y, 0, Q, Q. Q) =4[ 1.2 + [,&> + Lo? + ],

+ J»!f + JZ(QZ - Qze)z] (17)

p = p(Po) =2arccos(Ifol) <m\/BI+p; +p2  (18)

where p is a kind of the geodesic metric'® measuring the distance
between the moving frame and the fixed frame.

The small value of the output function 4 implies that the liquid-
filled spacecraftis rotating near the ideal attitude equilibrium equa-
tions (12-14). For the convenience of mathematical expressions we
define

and

x =l 0, 0, 2., Q, Q. B, B B.. Bl" (19)
g =diag[(1)7", (1,)™", (1,)7",0,0,0,0,0,0,0]  (20)
D =diag[(1)™", (1,)™", (1,)7',0,0,0,0,0,0,0] (2D

d =1d,.d,, d.,0,0,0,0,0,0,0]" (22)

f(x) = [f!?xs fﬂys szs fwxs fwys fwzs fﬁxs fﬁys fﬁzs fﬁO]T (23)

where entries of the vector f(x) defined from Egs. (1-10) are as
follows:

f.Qx = zai(AxywzQy - szwygz) - ZQszai(a? - a}zv)Axysz

(24)
foy =2a2(A,,0.Q, — A,,0.Q,) - 20,042 (a? - a?) A, A,,

(25)
fo: =20 (A 0,Q, — A,,0,Q,) —20,0Q,a>(a? — a?) A A,,

(26)

for =D, = Doyo, +21.a2A, A, (a? - a®) 2,0,
+(20,a2A,, - 1)o,Q, + (-2J.a%A,, + 1) 0.Q,] (@27
foy = UI)H[UL, = Do, 0, +2],a°A, A, (a® — a?) 2,0,
+(-20,a2A,, + 1) 0.2, + (20,02 A, — 1) 0.Q,]  (28)
for = I[(UI, = Iy)o,0, + 20.a A Ay (a? — a2) 2,0,

+(20.a2A,, - 1,)0.Q, + (-2J.a2A,, + J)0,2,] (29

fpxe = 3@y + 0By — @, B:) (30)
foy = 3(0, By — @.B, + &) 3D
fp: = 3(0.po + @, B — 0. B)) (32)
fpo = =3(o.B, + 0B, + ©.B.) (33)

With these definitions, the dynamical equations (1-10) of the
liquid-filled spacecraft may be expressed as follows:

% =f(x) + gu+ Dd (34)

where u is the control vector defined as

u=[u,u,u,0,0,00000]" (35)

According to the theorem established by Van der Schaft,'®!”

let constant ¥ > 0 and suppose that there exists a smooth solution
V(x) =0 to the Hamiltonian-Jacobi-Issacs inequality:

oV ov 1 10V [1
H|x,— | =—fx) + =h* + ——|—DD
ox ox 2 2 ox \y?

=<0 (36)

then the closed-loop system for the feedback

av)

has the L, gain less than or equal to y from the disturbancesd to
the block vector of the outputs # and the inputs u.

For arbitrary initial conditionsx(0) the following useful inequal-
ity may be obtained:

R R
/ <||h||2+||u||2)dt5y2/ ldll* dr + 2V[x(0)]  (38)
0 0

for all R =0.
From inequality (38) the generalized gain, that is, the L,
gain, from disturbancesto liquid-filled spacecraft’s energy, attitude

quaternions, and control torques may be expressed as
Jo QUAIP + Nl dr = 2VIx@)]

R <7’ 39)
Ml de

To solve the Hamilton-Jacobi-Issacs inequality (36), the follow-
ing form of the solution V (x) is suggested:

V(x) = V(C()x, C()y, @, st st st ﬁxs ﬁys ﬁZs ﬁo)

1
= —a[lxcoz, + I‘,coz, + Iw? + JxQ2, + Jy!22,
2 x Y-y [ g4 X ==y

+ T = Q)] +c[B2+ B2+ B2+ (By— D]
+b(Lop. + Lo, + Lo.p.)

+b[L. QB + 1,28, + (2, — Q)P ]

s o fal bI\(w\ 1. . f(a] bI\[(Q
ER ](bl cE)(ﬁ>+5[Q o ](bJ CE>(B>
(40)

where a, b, and c are nonnegative constants and the following no-
tations are designated:
E =diag(1, 1, 1), I =diag(l,, I,, I) (41)

J = diag(J,, Jy., 1), w=(0. 0, 0)  42)

Q = [va st (QZ - Qze)]Ts B = (ﬁxv ﬁyv ﬁz)T (43)
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By the use of the standard matrix analysis, the following sufficient
conditions for V (x) being positive are given as

a >0, c >0, acE > b’I, acE > b*J (44)

By the use of straightforward calculations, the following expres-
sions may be derived:

(1/y*)DD" — gg"

= (1/y* = Ddiag[1/12, 1/12,1/12,0,0,0,0,0,0,0]  (45)

oV (av oV aV 3V vV 3V 3V aV a3V av)

oo, o, dw, 00, 00, 002, 0B, B, . B
(46)
oV
= I (aw, + bB,) (47)
0w,
oV
— =1I,(aw, + bB,) (48)
oy ’ ’ ’
A%
= - Iz(amz + bﬂz) (49)
0,
oV
= J.(aQ, + bB, 50
30, (a2, + bB,) (50)
oV
B_Qy = y(aQy + bﬂ») (51D
oV
— = J.[a(Q2, — Q,,) + bB. 52
30, la(; 20) + D] (52)
\%
V bl + b0, (53)
0B«
oV
 =blLo, +bl,Q, (54)
0B, S S
A%
e zblzwz + sz(Qz - Qze) (55)
.
oV
3Bo
Therefore,
oV oV oV oV oV
H - =_wx+_w'+_wz+_ x
(x’ ax) 2o ot oot 5 fe t 50 e
oV oV oV oV oV
+ —foy + —fa, + — for + — o, + — 5.
20, fay EYs) fa: B, T 3B, T 3B, T

PCAAF R B | A ] 2
Bo fl30 ) 7/2 (1) da,
2 2
LoV LV 1,
+(y) <—awy) + (L) (-am) :| + ok (57)

Also for the sake of simplicity, the following notations are desig-
nated:

0 -B. B, 0 -0,
SBH=|B 0 =B, Sw=|o 0 -o
=B, B O -0, o 0
(58)
lwll* = o} + ] + o, IQI* = Q2 + @ +(Q. - .,)
(59)

Through some calculations from Eqs. (45-56), one has

oV
0wy

ov ov oV oV ov
v + wy + oz + 29 + '+ 74
fw,\ aCt)‘f‘ aCt)(-f 4 anfQ anyQ; anfQ

=bBJoy0.(I, — L) + J,0.Q, — J.0,Q.]

+bB, o0, (I, = 1) + J,0,Q2, — J, 0.Q,]

+bBlocoy (I, — 1) + L, 0,0, — Jy0,0,]

—2aaJ 0, [A, . Q.0,— A, 0,0, - (> —a’)A, A, Q.Q)]
= —bB"S(w)Uw + JQ) = bJ. 2. (B0, — Byy)

—2aa’J.Q[A, . Q.0,— A, 0.0, - (a2 —a?)A, A, Q0]

(60)

oV oV oV oV
afﬁx + afﬁy + a_ﬂzfﬁz + a—ﬂofﬁo

= %(Ixa)x + JxQx)(CoxﬂO + a)zﬂy - w»ﬂz)

+ %(1‘0)‘ + J&Qx)(wyﬂo - a)zﬂx + Coxﬂz)

+ %(Iza)z + JzQz)(mzﬂO + Coyﬂx - Coxﬂy)

+ c(a)xﬁx + Coyﬂy + Cozﬂz)

= %b(wTI + Q" DIBE +S(B)w + BT w 61)

—_

E 7 (,\) aCt)x (») aCt)y (Z) aCt)z

_! (i - )[(acox +bB)% + (aw, +bB,)* + (aw, + bB.)’]

y 2

Therefore, by substitution of Egs. (60-62) into Eq. (57), the fol-
lowing formula of the function H[x, 9V /0x] may be obtained:

H(x, %) = %[bwTI + b JI[BE + S(B)]w

- bB"S(w)(Iw + JO) + e (i - 1>|le|2
2 y?

Lo 2 T 1 T 1,
+Eb (7—1>||ﬂ|| +cB w+ab 7—1 8 w+zh

- szQzeﬂxa)y + szQzeﬂya)x - zanQzea?(szwax

— A, 0.Q) +2a].Q a2(a2 - a?)A, A, Q.0 (63)

If the coefficient ¢ is chosen to be
c=ab(1—-1/7?) (64)

then the inner product terms 8 w are eliminated. In addition,
I8l =1,

ISl = llewll, IBE + S(B)lle =1 (65)
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Equation (65) may be directly obtainedaccordingto the definition
of H, norm. By the use of the Cauchy-Schwartz inequality, the
following inequalities can be easily derived:

18" S()w| < |l lwll? (66)
18" S(@)JQ < 31l (lwll” + 1A% (67)
lw™IBE + S(B)Iw| <l llwll® (68)

Q" JIBE + S(B)]w| < $Ull (Nl + QA7) (69)
1B | < 3AIBIP + llwll*),

2.0, < 3UIQUP + llwll®),

1By < 31817 + lwll*) (70)

12,01 < 3(IQU° + llwll®)
(71)
2.0, <l (72)

Based on inequality (18), the followinginequality can be derived:

W =piT +prp* < 31 (Il lll? + 71 I€A1%) + oo 7211811
(73)

If one substitutes inequalities (66-73) into the function H (x,
o0V/ox) defined in Eq. (63), the following inequality may be for-
mulated:

ov
H(x, a) < &lIBIP + 8,llwll* + Sl (74)

where
& =—1b*(1 = 1/y%) + $n’py + bJ.Q., (75)
8, =—3a’(1 = 1/y?) + 3blllle + o111l

+ G/ DIl + al Q,a* (A, +A,)+DbJQ, (76)
S0 = 1pillle + Bb/4Ille +al. 2 a[A, + Ay

+ 2‘(af, - af)‘szAﬂ] +bJ.Q, (77)

Now the Hamilton-Jacobi-Issacs inequality (74) will be studied

in detail. From Helmholtz’s equations (1-3) with respect to the

variables ., Q,, and €2, the following constant can be derived
easily:

alalQ + ala’ X + alal 2 = const (78)

Therefore, it is concluded that the norm [|Qf = /[€2 + 2 +
(. — Q)] is a finite function of time ¢ during the itinerary of
the spacecraft attitude. If one chooses the constants a and b appro-
priately, one can prove that the Hamilton-Jacobi-Issacs inequality
(74) will hold. The determination of the constants a and b is given
next.

Since ||B]| <1 and ||2]| =const < + o0, to make the Hamilton-
Jacobi-Issacs inequality (74) hold, one sets

8 =0 (79)

& + llQU? =0 (80)

Therefore, from these two equations, the equations with respect
to a and b can be derived easily as follows:

fa* + fia+ frb+ f; =0 (81)

fOP+gb+ ga+g =0 (82)

or
frat+ 2 ) + [F (2 +216 - ha)]a?

+2ffifs + H(=figr + frg)la

+[ 12+ H(—fsg1 + frgn] =0 (83)
0+ (21280)0° + [ (g8 + 218 — 1) |2

+[2fg185 + g(—figi + f282)1b

+ [fg§ +&(=gfi + ngz)] =0 (84)
where

f=a=yHi2y (85)

fi = 1.Q.a (A + Ay) (86)

=306 + 2Tl + .22, 87)

fr = 1ol (88)

&1 = LU + 21 QU7 + J.€2,, (89)

g =J.Q.a (A + A, + z‘ag - a?|AAL)IQI (90)

8 = 5ol QAP + $7°p; oD

Polynomial equations (83) and (84) with respect to a and b to-
gether with inequality (44) could be used to solve a and b.

Accordingly,from Eq. (37) the state feedback u can be calculated
as follows:

)
oV
u=-g (a_>

1av 13V 12V )T

=—\— ,——,——,0,0,0,0,0,0,0
(Ix o, I, 00, I, 0w,

= _[(awx + bﬁx): (aa)y + bﬁy)’ (awz + bﬁz):

0,0,0,0,0,0,0]" (92)

Because the desired equilibriumstate in Eqgs. (12-14) is assumed
to be zero state, the system dx/df = f(x) havingx and f(x) defined
in Egs. (19) and (23) with the block outputs [A, u]” is zero-state ob-
servablein the neighbourhoodof the zero state. Therefore, according
to the corollary established by Van der Schaft,'®!7 the closed-loop
liquid-filled spacecraft dynamical system dx/dt = f(x) + gu + Dd
is asymptotically stable when the external disturbanced is equal to
Zero vector.

Thecontrollawu, =ao, + bf,,u, =aw, + bp,,u, =aw, + bp,
was proposed directly by Mortensen,’”> who proved the globally
asymptotically stability of the closed-loop system in the case
of a rigid spacecraft without external disturbances. Dalsmo and
Egeland'® and Kang'* derived the control law of the same form
as that earlier mentioned using the H, suboptimal control theory
in the case of the rigid spacecraft. Vadali'! and Sira-Ramirez and
Siguerdidjane®® studied the nonlinear stability of the closed-loop
system in the case of the rigid spacecraft. Another method is given
here to prove the asymptotically stability of the attitude motion of
the liquid-filled spacecraftunder the linear feedback control torques
in Eq. (92) without external disturbances. The closed-loop dynam-
ical system consists of ordinary differential equations (1-10) in the
case of dx =dy =dz =0. The possible Lyapunov function can be
constructed as

L(x) = L(C()x, COy, @, st st st ﬁxs ﬁys ﬁzs ﬁO)
=1L + [0 + Lo? + L. + ], + J. 7]

+b[p2+ B2+ B2+ (Bo — 1) (93)
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The total time derivative dL/d¢ can be computed by the chain
rule:

L ) , 2
dr =10 do, + | Lo, doy + | Lo, do.
dr dr ' 1 C o dr
Q. dQ, Q,
+ ngxd )+ (s, 0—= )+ JZQZL — %
dr S dr dr dr

94)

If one substitutes Egs. (1-6) and (10) into Eq. (94), then the time
derivative of L(x) can be changed into the following form:

dL

dt

Consequently, dL/d¢t <0 holds for all ¢. It is not too difficult

to prove that dL/dt =0 holds if and only if Eqs. (12-14) hold.

According to Lyapunov’s stability theory, the closed-loop system

approaches asymptotically the desired equilibrium point starting

from any initial conditions in the case of no external disturbances.

= —a(coi + cof + coz) (95)

Simulation Results

A practical model of the liquid-filled spacecraft will be mod-
eled as a rigid body with a spheroid slug of inertia matrix
diag(Jy,, J4,, J;.). The slugis centered about the center of mass of
the entire spacecraft and is surrounded by a viscous layer of viscos-
ity p to include the impact of the viscosity on the rotational motion
of a liquid-filled spacecraft subject to three body-fixed torques and
external disturbances. The rotational equations of motion of such a
simple semirigid spacecraft are given as follows:

o, ~
=2a,(A,0,Q — A, 0,Q,)
dr yE :
2(.2 2 H
20,042 (a2 — a?)A, A, + T (0, — Q) (96)
dQ,
— = zazv(szwaz - Axvngx)
dr y k
2(.2 2 H
- ZQZQxa}' (ax - az)AyZAxy + F(Cox -Q) o7
.y
4 L _
- za-(sza)va sza)xgv)
dt < J J J
-20,0Q,a3(a> - a?) A A, + Ji(wz -Q) (98)
fz
do, 1
dr = I_x[ux + dx + (I» - Iz)mya)z
+2Jia’A AL (@ —a?)Q,0Q, + (2J.a%A,. — J.)o,Q,
x Y z ¥ y x Y
+(=2/a2A,, + 1) 0.2, — u(o, — Q)] (99)
do, 1
—_—=—|u,+d, +(I. -1, , D
7 STkt d oo
+20,a2 Ay Ay (a2 = a2) 2,0, + (—20,a2A,. + J.) 0,9,
+ (20,2 A0 = 1) 0.9 — (o, — Q)] (100)
do, 1
— =—fu +d + U, - 1)oo,
— =t d+ U - oo,

Z

+2J.a2A Ay (a2 - a2)Q.Q, + (21.a2A,. - J,)0,Q,

+ (_zjzafoz + Jx)mny - /J(a)z - Qz)] (101)

whereu, =aow, + by, u, =aw, + bp,,andu, =aw, + bf; andthe
coefficients a and b are defined according to the polynomial equa-
tions (83) and (84) together with inequality (44).

For a viscous problem without external disturbances, the quantity
Q,, will be expected to be 0. Construct the Lyapunov function as
Eq. (93). Consider the disturbed motions of the ordinary equations

(7-10) and (96-101), then the total time derivative dL/d¢ can be
computed by the chain rule:

dL ) J. Jy
— == + —ul1+ 2, + o
dr ((u a)a)x IJ( fo>m K fo l)

, 7,
- ((u +a)o, —p (1 + J—“)way + /»tJ—‘Qf>
fy fy

- ((u +a)e —u (1 + %)wﬂ + ujisf) (102)

fz fz

~

The sufficient conditions for the total time derivativedL/df to be
negativeis that the following three inequalitieshold simultaneously:

da(J ) J;) —p(l = J /T )% >0 (103)
da(J, 1 Jgy) —u(l = T,/ Jp) > 0 (104)
da(J./J;) —u(l = J./J;)" >0 (105)

To test the performance of a liquid-filled spacecraft under the
feedback designed in this paper, numerical simulations were per-
formed with the following data.

The inertia matrix (kilogram square meter) is

I =diag(l,, I,, I,) = diag(150, 150, 180) (106)
The three semiaxis lengths (meter) of the ellipsoidal tank are

a, =04, a, =0.5, a, =0.6 (107)

The density (kilogram per cubic meter) of the filled liquid fuel is
p = 1447 (108)

The external disturbance torques (newton meter) are assumed as
follows:

d, =0.01 + 0.01 sin(270.12¢) + 0.05sin(270.66¢) (109)
d, =0.01 + 0.01 sin(270.127) + 0.05sin(270.661) (110)
d. =0.01 + 0.025in(270.12¢) + 0.05sin(270.66t) (111)

The viscosity u between therigid-body tank wall and the spheroid
slugis assumed to be 4 =15 N-m-s. The constant y is selected as
y =3. A simulation experiment demonstrates that the variations of
the weighting numbers p; and p, can change the magnitudes of the
control torques. Here p; =1 and p, =10 are chosen. The feedback
control coefficients a and b can be obtained from the solutionsof the
polynomial equations (83) and (84). Therefore,a =115.88 N-m-s
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and b =15.986 N- m. A fourth-order Runge-Kutta integration al-
gorithmby MATLAB ™ was used to simulate the dynamics from the
nonlinear ordinary equations (96-101) and (7-10).

Figure 2 shows the evolution of the angular velocities of the
liquid-filled spacecraft. Figure 3 shows the evolution of the vor-
tices of the liquid filled in the ellipsoidal tank. Figure 4 shows the
evolution of the quaternions. Figure 5 shows the control torques
commanded during the control period. Figures 6-8 show the mag-
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nitudes of the commanded control torques from ¢ =105 to 200 s.
Figure 9 shows the magnitudesofthe angularvelocitiesfrom# =105
to 200 s. Figure 10 shows the magnitudes of the quaternions from
t =105 to 200 s. The simulation results show that, under the ac-
tion of the designed torques and disturbances, the damping torques
do not change the attitude quaternions and the angular velocities
much. From the evolution of the angular velocities and quaternions,
it is evident that the proposed controller of the liquid-filled space-
craft without external disturbances can be stabilised to the desired
equilibrium. The simulations also show that inequality (38) holds
during the itinerary of the control of attitude of the liquid-filled
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spacecraft and that after the transient time the maximum values of
the control torques are around the maximum values of the distur-
bances.

Conclusions

The attitude feedback law for the liquid-filled spacecrafthas been
designed by using the theory of nonlinear Hardy-infinity optimal
control theory. Itis proved theoretically that the attitude quaternions
andangularvelocitiesof the liquid-filled spacecraftcanbe stabilized
from an arbitrary initial deviating state to the desired equilibrium
point. The algorithms for computing feedback coefficients are given
analytically. Any number greaterthan one can bound the generalized
gain from disturbances to liquid-filled spacecraft’s energy, attitude
quaternions, and control torques. Under the action of combined
designed control and damping torques, the vortices of a liquid in the
ellipsoidal tank are attenuated as expected. The simulation results

also show that a small change of viscosity does not change much the
response of the attitude quaternionsand the angular velocities. After
the transient response, the maximum values of the control torques
are around the maximum values of the disturbances.
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